Abstract: We give a geometric proof of stability for spatially nonhomogeneous equilibria in the singular perturbation problem u t = 2 u xx + f(x; u); t 2 R + ; ?1 u 1, with the Neumann boundary conditions on x 2 0; 1]. The nonlinearity is of the form f(x; u) := (1 ?u 2 )(u ?c(x)) where c(x) is merely continuous with a nite number of zeros. The strength of the method is in dealing with non-transversal zeros of c, the case escaping the existing techniques of singular perturbations. The approach is also used for showing existence of unstable equilibria with one transition layer.
1 Introduction.
The note concerns itself with the following much studied semilinear boundary value problem ( negative gradient with respect to u of a function with two wells, and the bottoms 1 are stable equilibria | in particular, u = 1 satisfy 2 u xx = ?f(x; u); u x (0) = u x (1) = 0; x 2 0; 1]: (2) The problem provides basic testing ground for phenomena occuring in a bistable spatially distributed system: think of x 2 0; 1] worth of agents, each with a state variable u(x), evolving under the gradient ow u t = f(x; u) while being subject to small di usive coupling. Without di usion ( = 0), the states of agents tend to 1 independently, thus accounting for uncountably many stable equilibria. On the other extreme, if the preferences of all agents coincide (i.e. c is constant), even small di usion makes all stable equilibria spatially homogeneous (equal to 1). Less apparent is the birth of nonhomogeneous stable equilibria under even the slightest nonhomogeneity of the preferences. A number of papers put this phenomenon on a rigorous ground: 11, 12, 9, 2, 1, 14, 7] , to name the most closely related; and Section 2.6 in 5] or 4.3 in 4] should be consulted for a broader introduction with an overview of the results and some proofs. In showing stability, all these works invoke a rather involved and delicate singular perturbation analysis. Our main goal is to achieve an elementary and geometrically clear treatment of this issue. While at present the scope of the approach is dwarfed by that of asymptotic techniques (c.f. 7]), certain advantages make it worthwhile.
Most notably, it does not require any transversality conditions on c; and, due to its non-perturbative character, it easily re ects the e ects vanishing to all orders in . To proceed more systematically, we set o with a result from 1] (see also Figure 1 The proof amounts to constructing appropriate upper and lower solutions for (1); the equilibrium is trapped between the two (Figure 2 ). Note that neither monotonicity of transition layers nor stability are asserted, as both are established in 1] only under the assumption of transversality of zeros of c. Also, the more general methods of 7], which yield existence, shape, and stability at the same time, require transversality.
Theorem 2 The equilibria in Theorem 1 have monotone transition layers and are exponentially stable with respect to (1) .
By general results of Matano 10] , the stability already implies uniqueness of an equilibrium satisfying the properties in Theorem 1. This enables one to enumerate stable equilibria of (1) Our argument is essentially a phase portrait analysis of the ODE for the equilibria, (2) . The stability of u( ) is inferred from the rotation of the direction tangent to the initial condition manifold fu x = 0g under the variational Direct estimation of may be a daunting task and the novel part of our approach comes in tying it up with the natural geometry of the problem. In the autonomous (or piecewise autonomous 14]) case, there is the foliation into the phase curves of (2) | which is gone once we pass to the nonautonomous (and nonintegrable) setting. What persists though is preservation by the variational ow of a certain cone-eld | just about enough to lock control over . This is elucidated by the change of coordinates described below. Since one of the main strengths of our method is its elementary character, we assumed a rather detailed style of exposition with concrete inequalities preferred over compactness arguments. All the estimation is very robust and often much better kept track of by drawing the phase portraits. The multiple transition layer case reduces to that with a single layer by cutting u at critical points found between any two consecutive layers | see Section 5. Section 3 spells out the features of the shape of one such layer (a lap) in preparation for analysis of the variational ow carried out in Section 4. Finally, the geometry lying behind our arguments should help to deal with other aspects of PDE (1). To illustrate this point, in the last section, we nd an unstable equilibrium of index one via a simple shooting procedure ( Figure  5 ). In this case the trajectory stays between q 1=2, where the clockwise rotation of the variational ow makes unstability totally apparent.
Technical formulations.
To formally describe the class of equilibria u( ) of interest here, along with the sequence 1 < 2 < ::: < k of alternating zeros of c (see Theorem 1), we will x d > 0, small, and a sequence of open intervals U i 0; 1] such that for a single zero of the appropriate restriction of c (see Figure 2) . From now on, we assume that u is such an equilibrium corresponding to a zero of c (see Figure 2) . Also, without loss of generality we can take c( + 0 ? ) > 0. Note that the time one map 1 of the variational ow for any multi-transition equilibrium is a composition of the corresponding maps for the laps. If those maps preserve the cone with zero total rotation so does 1 . Hence, to establish Theorem 3, it indeed su ces to argue for one lap only.
We will extract the basic characteristics of a lap u( ) in explicit dependence on some quantitative features of c. Particularly useful will be ; ! 2 (0; 1) for which the following hypothesis holds. Lemma 2 (fringe addendum) The following assertions can be added to The inclusion is strict and the total rotation is zero. 2 Proof of Proposition 1. One has to look at the boundary of the cone.
It su ces to prove that (y; 0)(1; 0) stays in the -neighborhood of ? and that ( = ; 0)(1; 0) sits strictly inside ?. The analogous conclusions for (0; 1) are then immediate from (P3). Clearly only the projective action of is relevant so we consider the slope s := p=q, q > 0, for which (5) means s y = V (s; y) := ?s 2 + 4v y u s + (2v 2 y ? 1) ; (6) with the initial condition s(0) = 0, which is the slope of (1; 0). 6 Before we go on let us outline the argument. because the right side of (9) is non-decreasing in y and (9) holds at y 0 by the maximality of (y 0 ; y 1 ). This is a contradiction.
We nish by proving that z . If E := fy : z(y) > (y)g is nonempty we take y := inf E. Clearly z(y ) = (y ) and, also at y , 0 y ? z y ? 2 , i.e. p . In view of (9), this contradicts the assumption on . 2 5 The lap decomposition.
In the introduction we promised to show that any equilibrium u( ) satisfying and, as in the proof of (iii) of Lemma 1, v y 2 must hold or otherwise v y 2 forever | which is a contradiction. 2 6 Shooting for unstable laps.
To give another application of our approach to a problem beyond the grasp of present singular perturbation methods, we will exhibit an unstable equilibrium to (1) that changes sign in the same direction as c. Existence of such equilibria under transversality conditions has been established in 7]. We assume a rather informal style and restrict to the case of c with one zero.
More detailed arguments, similar to those in the previous sections, would be needed for extension to the many lap case.
Proposition 2 Suppose that c( ) has only one zero , cj 0; ) < 0, and cj ( ;1] > 0. For su ciently small > 0, the problem (1) has an increasing exponentially unstable equilibrium u( ).
A key fact is that, for u of interest, the velocity u x has to change sign at its zeros. 
